INY~R~DUCTI~N
Let ,4 be a lattice in n-dimensional space E", having determinant d(A). We have the classical theorem of Minkowski (see [1911] Minkowski's work gave rise to the geometry of numbers, a link between number theory and geometry, and much work has been done in this area 13 (see, for example, Cassels [1959] or Lekkerkerker [1969] ). If we take /i to be the integer lattice Z", and K the cube, /xi/ < 1 (i= 1, . . . . n), we see that the constant 2" cannot be improved. On the other hand, if K is a given body (for example, a sphere or a cylinder), we can set d(K) = inf d(n), taken over all lattices n satisfying condition (c) of the theorem, and V(K)/d(K) is a suitable constant for the given K We notice that set Kneed not in fact be convex or symmetric for the lattice constant d(K) to be determined. Let now K satisfy conditions (a) and (b) of the theorem, and consider AK (220). As 1 increases, there will be a least 1, for which 1, K tirst has a non-zero lattice point on its boundary, and (1) takes the form A;V(K) 6 2" d(A).
(2) Allowing I to increase further, and defining
we obtain the so-called successive minima 1, < A2 < . . . < 1, of K. Minkowski obtained the stronger result
Simpler proofs have been given by Davenport [ 19393, Weyl [1942] , Bambah, Woods, and Zassenhaus [1965] , and Danicic [1969] . Clearly (3) implies (2). Finally we might mention that Minkowski investigated the sets K for which equality holds in (1). He determined that K must be a polytope with not more than 2(2" -1) faces, and that there are at most 3" -1 lattice points on the boundary of K. Swinnerton-Dyer Cl9531 established the nice lower bound of n(n + 1) lattice points on the boundary of K for a "critical" lattice A. Van der Corput and Davenport Cl9461 have shown that any set K satisfying the conditions of Theorem 1 is contained in a polytope 17 which also satisfies the conditions. Wills [I9821 has investigated the placing of the boundary points in the case when K is a lattice polytope.
THE CONVEXITY CONDITION
It is clear that we can expect no bound on the volume V(K) if the convexity condition on K is completely omitted. However, the condition can be slackened to yield some interesting analogues of Minkowski's theorem.
It is easily seen that, subject to suitable continuity conditions, K is convex if and only if
The number 2 in the denominator appears to be significant for Minkowski's theorem. If, following Mordell [1934] , we replace this condition by
then for fixed k> 2 we introduce a measure of non-convexity. Mordell shows that if K is O-symmetric, satisfies (4), and contains no non-zero lattice points, then
The idea was elaborated by van der Corput [1936] , and generalized by Rado [ 1946) . Rado combined the "convexity" and symmetry conditions by replacing (4) by where A is an n x n matrix. Convex, O-symmetric sets correspond to A = 4 I. The analytical inequality obtained by Rado has since been strengthened by Cassels Cl9473 and Uhrin [1980, 19811. We can also improve the constant in (1) by tightening the convexity condition. For n = 2, van der Corput and Davenport [ 19461 consider lattices with d(A ) = 1, and replace the convexity condition by "the boundary of K has continuous radius of curvature p with p 2 po > 0." For such K, the area satisfies This bound is best possible, being obtained for a circle K and the regular hexagonal lattice. Jarnik [1948] derives a rather more fearsome bound by applying the same ideas to the stronger Minkowski inequality (3).
Both van der Corput and Davenport [1946] and Melzak Cl9591 investigate the general n-dimensional analogues. Melzak replaces the supporting hyperplane for a convex body K by a supporting n-sphere, which supports K at a boundary point, and also contains K. I notice that each of these authors who have tightened the convexity condition have also retained the symmetry condition. We might ask whether this is in fact necessary.
Minkowski also noticed that for strictly convex sets K, there are at most 2" -1 pairs of lattice points on the boundary. This result is put in the more general context of the successive minima by Woods [1958] .
THE SYMMETRY CONDITION
Most variations of Minkowski's theorem have been obtained by replacing or modifying the symmetry condition. Ehrhart led the way by replacing O-symmetry by the condition that the centre of gravity of K should lie at 0. He conjectures [1964] that then in E", V(K)/d(/i) < (n + l)"/n!, and proves this in E2 [1955a] , and for solids of revolution in E3 [ 1955b] . For each n, the (conjectured) bound is attained when K is a simplex [ 1964,19793. If we take n to be the integer lattice, we can exert some control over the shape of a convex set by specifying the side-length k of a smallest axisoriented n-cube which contains K. We might then expect to obtain some function 4 = d(k) such that V(K) < d(k). Scott [174a, b] determines this function for n = 2; its graph is given in Fig. 1 . A sample corresponding variation of a set K is illustrated in Fig. 2 . We see that Ehrhart's critical triangle (Fig. 2b) corresponds to the local maximum in the graph of 4.
Many attempts have been made to constrain asymmetric sets K so as to keep the volume bounded. For example, we can insist on the circumcentre of K lying at the origin [Scott, 19821. Or again, let Oj denote the ith
orthant in En cut off by the coordinate hyperplanes. Then we have the conjecture [Scott, 19781 , true for n = 2, that
It is also possible to introduce other measurements of the set K-diameter, perimeter, width, and so on. A discussion of these ideas would take us too far afield, but see, for example, Arkinstall and Scott [1979] , Croft [ 19791, Hammer [ 19661, Reich [1970] , Scott [1974a Scott [ , b, 1975 Scott [ , 1982 . Wills, Zaks, and Perles [1982] have investigated the case where K is an asymmetric polytope.
A more direct approach is to introduce a coefficcient of asymmetry 1 for K. If POP' is an arbitrary chord of K through the origin 0, then I = 1(K) = sup PO/OP'. Clearly Iz > 1; equality occurs here when and only when K is O-symmetric. In three interesting papers [1954, 1955a, 1955b ], Sawyer establishes the following results for asymmetric sets K.
(a) He shows that V(K) < ~(1, n) d(A), where (b) With some difficulty he obtains an exact formulation for y(A, 2). (c) He finds estimates for ~(1, n) for sets K which are symmetric in a point other than the origin.
The formulae in (b) are complicated, but the graph of y(% 2) bears an interesting (and perhaps not unexpected) resemblance to Fig. 1 (see Fig. 3 ). In (a), Sawyer strengthens an early result of Mahler [ 19391. theorem by a far weaker condition. Arkinstall [1980a] shows that this is certainly the case in the plane. Thus he shows
The result continues to hold, for example, for chords of area1 symmetry [1980b] . It is not clear how one might generalize this to F.
THE LATTICE POINT CONDITION
Minkowski's theorem can be extended in a. nice way to sets which contain non-zero lattice points. Thus, following van der Corput [1936] , replacing the lattice point condition by "K contains at most m distinct pairs of non-zero lattice points +uj (1 <j<m)" (as well as the origin), gives rise to
Most of the previous variations can be combined with this new lattice condition; however, much less is known here. Since the flavour of Minkowski's theorem is only retained when the origin is considered as a special point, we restrict ourselves to these modifications. Ehrhart [1955c Ehrhart [ , 1955d has obtained incomplete results for planar convex sets with centre of gravity at the origin. Hammer [1966) has investigated O-symmetric sets satisfying an isoperimetric inequality. Perhaps the most promising results in the plane are due to Arkinstall. As The inequalities are best possible, but the proofs of the last two are long and involve much case-splitting. It seems likely that the restriction c < 4 is unnecessary. Perhaps this can best be shown by setting aside the symmetry condition, and proving that for "almost all" convex sets containing c lattice points, A(K)/d(A)<2c+ 2.
